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Curve Fitting LZ‘
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® Curve Fitting: to fit curves to data points. Two types: regression and interpolation.

Regression:

®* Given a set of Data:

x 0 1 2 o
y 05 103 213

»
»

* Regression: Select a curve that best fits the data. One choice is to find the
curve so that the sum of the square of the error is minimized.

Experimental results are often of the first type.
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® Curve Fitting: to fit curves to data points. Two types: regression and interpolation.

" Interpolation: .
:
o8 ®* Given a set of Data:

X; O 1 2

y; 05 103 153
o ® Interpolation: Find a polynomial P(x)whose graph passes through all
% tabulated points.
g y; = P(x;) if x; isin the table
>
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There are two general approaches for curve fitting:

* Least Squares regression:

Data exhibit a significant degree of scatter. The strategy is to derive a single
curve that represents the general trend of the data.

* Interpolation:

Data is very precise. The strategy is to pass a curve or a series of curves
through each of the points.
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Mathematical Background

Arithmetic mean: The sum of the individual data points (yi) divided by the number of

points (n).

Standard deviation: The most common measure of a spread fora sample.

S

g —
d n—1

S :Z(yi _y)z

Vi

o)lioall
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Mathematical Background (cont'd)

v

8)tial
Variance: Representation of spread by the square of the standard deviation.
v 2 2 2
. Szzz(y‘ y) Sz_zyi _(Zyi) /n
: ’ n—1 y n-1
Coefficient of variation: Has the utility to quantify the spread of data.
Sy
% C.V. — T].OO%
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Least Square Regression - Linear Regression PA
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" Linear Regression: Fitting a straight line to a set of paired observations: (x,, y,), (X5, y,),-..(x_, y.).
y=ajta, x+e
a, —slope (Y ssxll (0 s5lasll ¢ 3]l 9l lases¥l egls) y 4

a, — intercept (eudiud! Lzl (i) | Measurement
e - error, or residual, between the model and the observations (dLuwall daially Jiagll ¢

ag + ax;

How to find a, and a, so that the error would be minimum?
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: Linear Regression — Criteria for a “Best” fit %
g o)lial
: Nn N g
min > le|= | i —a,—ax |

=1 =1
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: Linear Regression — Least Squares Fit o
B ool
S, = Zn:ef = Zn:(yi ,measured — y., model)* = Zn:(yi —a,—a,x)’
1=l =1 I=1

‘I’ _ n ., 5
s min S, = gei = _E(Yi —ay —&X;)

Yields a unique line for a given set of data.
Z https://manara.edu.sy/ Slide 10
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Linear Regression — Least Squares Fit

. n -  n 2
min S, = > & = _Zl(Yi —ap —a1X)

The coefficients a, and a, that minimize S, must satisfy
the following conditions:

-

oS, _ 5
0a,
)
oS, _ 5
K&
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Linear Regression — Determination of Constants

ol
et

oS, o

aao o ZZ(yI a'o a1X|) O

=28 [y -2, -ax)x]=0

0= %= 2.8, ~ 2,2

OZZYi i _Zaoxi _Zaixiz

> a, =na,

na, + (Z X o, =Dy, 2 equations with 2

,  (~ unknowns, can be solved
2 ViXi =2 8% + Y ax _J simultaneously
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¢ Linear Regression — Determination of Constants
g o)lial
y A
nZ XY — Z Z Y, ; Measurement
X - )
a'O — y—a1X ay + ax;
g T X
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: Error Quantification of Linear Regression S
g otal

Total sum of the squares around the mean for the dependent variable, y, is S,

T\2

5 S, = Z (Yi—Y)

Sum of the squares of residuals around the regression line is Sr

= C 2
S, = Zei = Z(Yi —a, —a,%)
s i—1 i—1
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g Error Quantification of Linear Regression —
S, - S, quantifies the improvement or error reduction due to describing data in terms of a
straight line rather than as an average value.

5 St — Sr r: correlation coefficient

- S Cunsie O Lol 898 uidy (08 (elida (e B)lee Lo Jolas

{
/# coefficient of determination
r: correlation coefficient

" For a perfect fit:

§ *S=0 andr=r?=1, signifying that the line explains 100 percent of the variability of the data.

§ ® Forr=r’= 0, Sr = St, the fit represents no improvement.
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Example - Least Squares Fit of a Straight Line

v
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® Fitastraight line to the x and y values in the following Table:

Jalas Hagd ol 0 pag ¢ JU| Jptzed! § Sbleeld (luzms¥) Jas Aslas) Jocsdd! Jasell ol oes¥l Uslas uzgl ®

Xi Yi XYi Xi’
1 0.5 0.5 1
2 2.5 4
3 2 9
4 16 16
5 3.5 17.5 25
6 6 36 36
I 5.5 38.5 49
28 24 1195 140

RARE

in :28 Zyl =24.0

inz =140 ZXI yl :1195

x=28_4
7
y=%=3.428571
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Example - Least Squares Fit of a Straight Line

® Fitastraight line to the x and y values in the following Table:

any. RPN

Slass¥ cold
Ny X —(Zx)
i 7><119.5—28>; ZZp——
[ x140—-28
i =y-aX

=3.428571-0.8392857 x4 =0.07142857

Y =0.07142857 + 0.8392857 X

v

o)lioJl
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Example - Least Squares Fit of a Straight Line

® Error Analysis:

X; yi -y €=(y,-Y) N

1 05 85765  0.1687 S.=> (v —¥) =22.7143
2 25 0.8622  0.5625 )

3 20 20408 0.3473 S, =26 =29911

4 4.0 0.3265  0.3265

5 3.5 0.0051  0.5896 s -s

6 6.0 6.6122  0.7972 r*=——+=0.868

7 5.5 42908  0.1993 t
28 240 22,7143  2.9911

r=/r2 =/0.868 = 0.932

v

deol ~
o)lioall
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Example - Least Squares Fit of a Straight Line

v

< dool A
5 Oytiall
* Error Analysis:
The standard deviation (quantifies the spread around the mean):
: S 22.7143
a S, = L= =1.9457
n-1 —
The standard error of estimate (quantifies the spread around the regression line)
f /2 9911
_&, =0.7735
-
<
g Because Sy/x <9, ,thelinear regression model has good fitness
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g Linearization of Nonlinear Relationships —
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o T
® The relationship between the dependent and independent variables is linear.
®* However, a few types of nonlinear functions can be transformed into linear regression
problems.
E ® The exponential equation.
o
®* The power equation.
® The saturation-growth-rate equation.
2
>
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Linearization of Nonlinear Relationships
8ol

y ¥ y

(a) (b) (c)

Linearization
Linearization

Linearization

Iny log vy 1y

Slope = b, Slope = byfay

Intercept = log 1/a;

x log x 1/x
Intercept = log a,

(d) (e) o))

Intercept = In q,

https://manara.edu.sy/ Slide 21


https://manara.edu.sy/

W

3 Linearization of Nonlinear Relationships
g 1. The Exponential Equation dcw!| dslas Y
Iny,
f:‘:%f
“ Slope = b,
Intercept = In q,
: x

ny=ha, +bx
<
N
2 y* = a,+ a; x
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3 Linearization of Nonlinear Relationships
g 2. The Power Equation 4> 5438 dslas Y
log y 4
Slope = b,
.:E
log x
Intercept = log a,
https://manara.edu.sy/ Slide 23
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3 Linearization of Nonlinear Relationships
B 3. The Saturation-Growth-Rate Equation goJ| Juae adslase Sl
1/.“' A
% Slope = hy/a,
2
Intercept = log 1/a;
1/;

>

X
£ y*=1/y
< 1 1 b1 . =1/
S E—— -+ o~ 3
£ a; = bs/a;
2 y a3 a3 X x* =1/x
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* Fit the following Equation: Y = aZXb

Vi

dsol ~

Exam ple
8)ligll

% to the data in the following table:

Y = a,X%2 KAl o A 38 by JUl Sl § igal) Sleaall bl gllall

X. y. X*=logx. Y*=logy. log y =log(a,x™)

1 05 0 -0.301 log y =log a, +b, log x
2 1.7 0.301 0.226 et Y" =log y, X" = log x
3 34 0477 0534 & —loga,. & —b

4 5.7 0.602 0.753 D R -

5 8.4 0.699 0.922 Y =g, +aX

15 19.7 2.0/9 2.141
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Example S
5yliaJl
e Fit the followine E Ly — b, , : ‘
it the following Equation: Y = a, X “ to the data in the following table:
Xi Yi | X*slog(X) | Y*sLog(Y) | X*v* | x*A2
1 05 0.0000 0.3010 0.0000  0.0000
2 1.7 0.3010 0.2304 0.0694  0.0906
3 3.4 0.4771 0.5315 0.2536 02276
4 5.7 0.6021 0.7559 0.4551  0.3625
5 8.4 0.6990 0.9243 0.6460  0.4886
Sum 15 | 19.700 |  2.079 2.141 1424 | 1169

an Vi =X, Zy. 5x1.424 - 2.079x 2.141
n> x2- (> x, ) 5x1.169—2.079°
8, = 7 —a,X =0.4282-1.75x 0.41584 = —0.334

=1.75

.
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Homework - P_0O1

(i gise Bue IS (e ys O9llly) clasdl 3ol x 7z Ll y (Aoell IDLaaad! A8Me dfyud @
t s oS A yd3 &lelyd ydie EREY

vy | 6 ] 8 9 8 7 6|5 |65 5
X 10 13 15 14 9 7 6 6 5 5

2 L5Y1 oy Loctie M| Aasd adgig olii¥l Jalaag Jacstd! Jasell yloss¥| dslas dxl ©
. Jeazs 16000000 J|

[
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Homework - P 02

2 Jt Jaml! § sl Slelaall olal] splial
goid) Jiae 251

g g8 als .2

sl ! e ST aslidlg UL oyl 03 (a9

Z 3 = 6 8 8.5

1.95 2 2.4 25 27 2.6

[

o)lioall
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